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1. Introduction

In thils report some properties of F, WILCOXON's test for sym-
metry will be proved, A description of this test as well as formulas
for the expectation and variance of the test statistic under the
nypothesis tested and tables of critical values for the case that
no tles are present may be found in [15] , [16],[ﬁ7] and i18} q).

A recursionformula for the distribution of the test statistic under
the null hypothesis for the untied case has been derived by J.W,
TUdKEY XﬁB] . Further the powerfunction of the test has locally
been investigated by E.L, LEHMANNH7] and has been compared with the
powerfunctions of the sign test and the tests for symmetry of

J. HEMELRIJK (|5} and [6]) and N.V. SMIRNOV [11] by E. RUIST [9] .

In section 2 a description of the test will be given and in
section 3 some properties of the distribution of the test statistilc
under the null hypothesis will be proved. In section 4 the relation
with WILCOXON's two sample test will be given and in section 5 the
consistency of the test will be investigated. In section 6 a combin-
ation of the sign test and WILCOXON's test for symmetry will be
given and section 7 contains a generalization of the test. All
theorems in this report hold for the case without ties as well as
the case with ties,

2. Description of the test

q :
Consider m independent random variables 2432050052 2 ) and

one observation zi of Zi (im132,..¢§m). By means of WII.LCOXON's test

ffor symmetry the hypothesis HO may then be tested that the probabil-

1Ty distributions of Zqﬁzqﬁ.a‘ﬁz are all symmetrical with respect
m— 1]

L )

TO Zeéro,

The test statistic T 18 defined as follows. The observationg

which are equal to zero are omitted. Let The remaining obnocvvations

consist of a, times the value u. (1=1,2,...,K), Wh2reodl. < Us < «..<U_

e " — ‘ T "
and Ei times the valuc U (i=1,2,...,k). Let further L
K
de - 1 N ~
U “:zf Z Q.. TR F:E:F Z b PN
M . - s
A 3= 1L =
( : a ) -t ﬂf‘p b - - clef
v, T Gt b (A= Ry o= o+,

The absolute valucs of the observations are replaced by their raaw«o

according to increasing size, i.e. the L, observatlons which are

1) The fformulas fo; the variance and the tables of critical valucs
in [15] and [16] contain some mistakes.

2) Random variables will be distinguished from numbers (e.g. from

the value they take in an experiment) by underlining thelir sym-
bols, |
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Theorem 1T

(3-;7) %Z\J-bl = Q V = &, 1, «. -
and
2 W 2V i N
(3 ;8) %:&v = < (imﬂ.:L).fB"m - tL"‘tLV Vo= L 2,.. .,
7RV, <oz

where B, arec Bernoullit's numbcecrs,

Proof: From (2.3) it follows that

W

(3*9) T = Z (o, -t,) v,

A =

and from (3,9) and the fact that 248554058, are distributed

independently follows

I

(3.10)  E(eTT (k) Hy) = TT £ (e MEH T i Hy),

Furtheragi.possessing a binomial probability distribution with

paramcters (t; ,3),we have

. L ) %
_{ Ta, {2, -t) e,’tw" “+ £ " '
(3'/‘/‘) (—f/ ltbit—io) - ""‘"‘“""‘"""‘“‘“’“‘"""”"‘gm —r— (&wiiﬁ.,.**,k)i
From (3,10) and (3.11) then follows
R 2 T T EE— p U T
mqg 'e-' ® kst ; 0‘ — t- wiw-—-—wmm -
(3.12) Ag £ (e "] (kit)sHo) = 2 % g :
<
= Z— T ’e—% cosh T ™,
4 =)
Further we have
X
(3'43) %CGth:jt%h we ol
Q
and
O 2 W :‘«'..vm B 23—\
tah u = E_mi‘w,g.&mmfjm Y A
(3’44) ¥ V= (2w) |
thus
e ziv(zﬁ.vm l) J.E)Lv }(Qy
(3'45) ’Q%CQSHK mvmt 2w 2y
From (3.12) and (3.15%) then {ollows
e 2 2 1<
, T T N T ¥ 2 (2 -0 Bay 3o
(3‘/{6) /&7}' {(£ i Ck"t)ﬁH&) mét (3y)! 2\ ATy SRATI
Re ™ |
Thus the cociTficlient of43m~m~iﬁ
{2V +1).
(3.17) Wy =© V=o,t, ...
23
and the coefficient of T 1S
(2wl
) Bay T on
(3*48) oy & 2 x Lmlti"f’c Y= 24,.
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¢

2 only af

1o 2 multiple 0 . 4y (4 =2,3,...,k),
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¢ condition (k,t) 1is constant if and
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1. 1f a =0 for cach i then T =o

(3.27) y
2. 1°f QL = LZQ"‘L:‘ then T m%%‘mt!»}-}‘
~
Further
(3.28) AU I

thus T!' does not assume valucs between O and 4, +1 , 1.e, d=%,+¢ 17T
d exlsts,
Further 1f Té is a value T' assumes, then T' also agsumes the

values T +er, and (or) T -2r Thus a neceggary condltlon for the

iﬁ
existence of d is that 2r., is a multiple of +, +1 (i=2,3,...,k) and

al
it may casily be verified that this is equilvalent with (3.24.,1).
Furthcer if (3.24.1) 1is satisfied then all values T' assumes are
multiples of t,+¢ .
Now suppose that (3,24.1) is satisfied then it will be proved that
(3.24.2) is a necessary and sufficicnt condition for the occurrence
of all multiples of %, + between T . =0 and T&axmn(n+1).
We first prove that (3.24.2) is a necessary condition,

Conslder for any fixed value of 1 the following two cases

1 4 -qémgfor'uach 4 >4,

2 . C%%\ for at least one value of 4 » 4.

These two cases are mutually excluslve and one of the two musty

4;‘ _
occur, The greatest value T' assumes 1in case 1 1s a.z_tﬁwﬂ and the

3%
smallest value 1In casc 2 is a2, . Thus 10 2 ~ ., >22 v, ~, then
4, =1

no valucs between Cthese two can be assumed by T', This means that
@ L
the dlfferenceﬁpﬁﬂﬂm:zz;tém% should not be larger than d=t, +t

% =t
or

(3.29) Z%L+a%2$§-&t,}%i + T, -+ (Lmi,&,...akml");

which is equivalent with (3.24.2).

The sufficiency of condition (3.24,2) will be proved by induction.,
Suppose that it hag been proved, for 2 certailn valuc of 1, that in
cases 1 The distance between the successive valuces of T' are constant
and cqual to ¢, ++ . Then T' assunes 1n this ¢asc The values

o
(3.30) /E{t.,—w) »B:O,,t,h..,{:*:? ﬁ%t%%,&.

For 1=1 this 18 truc, becausc mam"Egu . rurther the contribution

of' the tie of silzce %, ., to T' equals

i

(3.31) 2 o, h=o,4, . .. b .

Thus ifc%;ubfor each,é>k+q then T' assumes the values

L
/E/‘:‘."‘..Q,i,....,u_%m iti%§’
T, =+t F=

(3.32) szH\ -t~f8(~t;,+-\)
h::-.@,,t',_ X ,.,'b

A B
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observations (cf [6} n. (1 and [2] p.307). The mean and variance
of T under tThe hypothesis Ho and under the condition (k,t) thus
also follow from the well known formulae for the mean and variance

't

of W under the hypothesis H, . W2 have
(4.3 2 (T [ (ko)s mys Ho) = (me)(my - m)

and

K |
2 TLy YL, 5*-;152)
(4.4) - (I—, (k;.t):fn’t: o) .._._____._._....Q_T_.._...___.:L__...__.

3 (-
From (4.3) and (4.,4) then follows
(4.5) E(TI(k.t); H) = ﬁ{i(‘r{(kt) T, ﬁ)}(kt) H}......
=(m+) €(m, -~ m|(K,t):H) =a (cf (3.19))

and
(4.6) V(T | (k.8); He) =
mdi{'g(rl (k,t),”#’}:,; Flﬂ)}(f(,t)ng} - ‘é{aj(’l-‘ (k&b)a"!}gﬁl"{ﬁ)\(k;t); Ho} —

I
3 .
- 2 2 i+ . H n - & € { m.m W,b)y Ho) =
m(m“+’} a (@l"zﬂi(ks‘b)a m) =+ 2 A (v -1) %‘- Z‘( )' o
L,
2 D i Ny
+ + - i
= 2T T AR (ef. (3.20))

5, The congistency of the test

We agoin congider the sequencco {g;}and an alternative hypo-

chesis stating that the distributions of z . under the condition

— P
Z,#0o arc, 1tor » =y2,..., identical., Lot x,,x, . . Lo X denote

. Y
the positive obscrveations and YosY8a, - s Y, the negative opserv-
: R . Ve x’»l

ations, with ST R R Let Turthoer

o

- P =" Plz,>c|z, #o] A=l Ry

(5.1)

df;{l

q = 1-Pp
and
‘ d ef | _ .

(5-2) 6 — —P[f(b“:?‘jr&} _dp[agb*{:“é}»‘*] )\*,t,l.m\.,,&. )

Theorem Vo IT ‘3 36) is ﬁ@tiaflcd then the Tegst based on the

critical region Z (cf.(2.5)) is, for A » o, consistent for the
class of alternat C1VE hypoth 5ES
. |
(5.3) P-4+ +pgbBl>o.
The tests based on the critical rogions £, and <, respectively
are consistent for the classes of alternative hypotheses
% |
(5.4) p-x Tpqf<o

and



-0 -

(5-5) Pw-jf **—foq8>:::

respectively and not consistent for the classes of alternative
hypotheses

(5«*6) F*“%‘*-qu’e)»D

and

(5.7) p-m*-'g +soqe <o

respectively.,
All tests mentioned are, for sufficicntly small « , not consistent

for the class of altcrnative hypothcses
: A —
(5.6) b-% +pPq P =0

Proof: The notation will be simplified by omitting the index a»
From (4.1) it follows that

(5.9) T — iizf 5%%(_&““&3) -&-(%“\"l\)(’\'}:'w*}f%),

B &r =0 é-::i
et H be an alternative hypothesis stating that the distributions
o z. under the condition z, #o arc, for A=1,2,..., identical,

Then it follows from (5.1), (5.2) and (5.9) that
(5.’!0) ”E(Tf%,m,;H) m%,fn,%g +(4’L+i)(%,-—%~m),

thus
(5. 1) p"F 2 (TImiH) = £LE(TIm, miH)| miHY =

.t further
" 52'%;? G}a{‘f&%,‘t + ,...,,*i}_k;\“{m}'

(5'*/]2) > ot clef A

T Mmoo,

i

’%v C‘.-l a"}ff “’E‘%(Ma*t)(:“‘%*‘):

2
thﬁfﬁh
%, < &RA < R
(5.13) @ E RO G
Further

R olef

(5-/Mr) a = G'R'{I{NL;HS:
= [ (TIm, m i)+ {2 (T mm B miH,

From (5.710) it follows that

(5.15) o E(Timumi )]s i} = By v (menen -5 m | i K} = Ud)
and the cocfficicnt of m in (5.15) is

(5.16) po (8 +1-2pq8)"

Further (cf (5.9)) .

(5.17) (T ]m,m,; H) mﬂ‘a{ 5.2 sgm(x -y inam, s Y

A, o ] J%,,ml



1 -

and from D.J. STOKER ([12] p.67-68) it follows that

(5.18) o {Z L sgn(xe-gplmmis H) 2 momy (e,
T.1US

(5.19) € (T |mm, ) ImiH] £ m(mP-0) P,
Thus (cf (5.14))

(5.20) (T tm; H) =0 ()

and the coefficient of m in (5.20) is

(5.21) = pq(8+i-2pq8) +pq = Y4,

Now first consider the casc that

(5.22) b-% +pqb <o

We have

(5.23) Lo PLT ¢ Zy|mit]l = fim PLT> -2 g|miH] =

¢ Bum PLIzE s o DBTE ja],

N co

where € 018 defined Dy

2

(5.24) WT = o .
£,

From (5.12), (5.20), (5.22) and the fact that m tends o infinity

with » it follows that w*ﬁgﬁ;ftemis positive for suffilciently large

X\ :thus according to the incquality ol Bienaymé-Tschebycheff

o

> - < /&um-wmmwww———--::: ,
(5.25)  fm PIT # Zlm:H] e (B

Thus the test based on the critical region :piis, for X\ = oo
consistent for the class of alternative hypotheses (5.22).

It

(5.26) p -%+ P9l >o

then

(5,27) }%?[Tﬁﬁ—% "n Hl“@mP[T 'gsu%.}%;H} =
a,.?.

m;éf%;ijmbeing negative for suffilciently large x ., Thus the TestT
basged onlzaisj for A +o0 , nNot consistent for the class ol alterna-
tives (5.20).

Finally if

(5.28) p-% +pq b =o



Thusg if
_
(5.30) £, > Um

then the test based on :;aiﬁ fOor A oo Not consistent for the class

of alternative hypothescs (5.28) and from (5.12) and (5.21)
follows
(5.31) L —— < V5.

Ao ©Cf

The proofs for the tests based on £, and Z are analogous.

Theorem VI: If the distributions of z,,z
symmetrical with respect £o a then

1., P-% +pgl =0 i a=o0o,
(5.32) { |
2 a.(iam—;rﬂ-pqe)}o 11 Q,;ho.

.2z are lidentical and

" - -— A

Proof: Let

(5.33) H(z) = PLz, = 2]
and (cf.(3.35))
(5.34) - Pl z, =o0o].
Then (cf (5.1)) oo -o
jdHfz) SdH(z)
(5.35) o :53?;7mm . q = :Wﬂ‘
We first consider the case that aroj; then px 4, From the fact that

the distribution of =z, is symmectrical with respect to a 1t follows
L
that

SCLH(z,)
' . *axo .

(5.36) q =
L further
(5.37) P (x) = Plx, = x| . G (YY) d::f?{té;ﬁnld]
then CH 00 gdH(u)
(51'38) CL F(x} mmmm.gm.“ : F(K) — +G P
and from the symmetry of the distribution szwaiﬁ,follows that

' §  dHw

adH(y +200 e

(5.39) d G (y) = ——-%i—-—-—?- Gy =
I g >0 Then
(5..“-0) 8 = P[ Xy * l*jg] ~Plxy < l;{_,}'_] >

)'-P[x > Y -'r'f&-‘&.} M‘P[fm&,"‘:lj +2,&}m

L }, m'}
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o x ' o0 X +20
S o H (x) j’ d H (W) S A H (X +20) g d H(w
RAXT0 P 20 40 q + O | CL 0 P

Thus ifcﬁ>o Then

- X -+ 2O,

(5.41) pob > ?dHCXBS ol H (W) --S dH(x-*-m)S dH(u) =

AO 40 1a +C S o
o 5 oo X

:'S dH(K)S dH(UL)*-S dH(x)S d H(w) =
4a.+0 2040 20, +O +O

= S dH(x)?dH(u)deH(x)gdH(U-}m
Q.+ O A0+ O + O

20 +0
- Pt —Tmipg =g (g - P).

Thus 1f gso then

(5.42)  p-% +pq0 > p-f +T q(gq-p) = (P~ 7F -T >
>(p-9) (¥ -a) =5(p-q) 2o

Fupther 171 qm¢>thcn o=+ and then

(5.4 3) b-% + pg 8 = p-% >0

Thus pm’g-;-lzaq@ is positive if a is positive.

The proof for a<e i1s analogous,

from the theorcoms V and VI it follows that 1f the distributions

o' z, arc, forXx=a,2,.. .., identicnl and symmetrlcal with
respect to a then the test based on £ 1is, for X — <o
for the class of alternative hypotheses with

(5'44) a #o.

, conslstent

The tests based on Zz and £, respectively are consistent for the
classcs of alternative hypotheses with

(5.45) @ =0c
and
(5‘46) L > O

recspectively and not consistent for the classgses of alternative
hypotheses with

(5.47) a > o
and
(5»48) A < O

regspectively,

6., A_combination of the sign test and WILCOXON's test for symmetry.

In this sectlon a test for the hypothesis Ho will be described
which is a combination of the sign test and WILCOXON's test for
symmetry,



v .
te

(6.1)

then The

and let & denote the size of the

. .
gt

(6.4) € = & +(1-E) {T 2

A
i
I8 e
b -l
g [ LA
LEH 7
% :

Mo am "
- 61*‘(‘“51\)&'&&“;“”(;)
a

il

Analogous formulae hold for the other onesided and
cest.

hus, T ~f(m +)(wn -gwpossessing under the hypothesis

the conditions (k,t) and

i . s . . g _
the test statistic W of WITLOOYON'!

ENOLI,

o twosample
| ¢ .,, | r
thesis Hy (ef. scction 4), € may be c¢rlculated

other hand the critical roxic
uniquely determined by g snd m
the following two ways,

1

Nants to toest the hypothosis HO In
- o | s ) A e e G “ ¥ |
ation Oy L ‘?Chu jﬁ, 21 Test o WILCOXON 'Y s

lllll

of significance «

netry with level

Y Y e O Qt » J{; }”‘i ¢ E_ by Ef@ & ) ﬂ%’% {Q

value of &, satigfyving € g« . This voluc e oo may be found from
3 ST .
(6,4),

further, for this value g of E.
value of g satilsfying & go;0f thes
e one with the smallest ditrf

M E. apr %fz S %:;

) choosc

L maxX? T emax

LT two palrs of valucs have the sane ﬂlUﬁ of
choose the pair with the larges

= o,2nd choosc the largest value of
These two procedurcs do not always g

e the same critical
out 1f they give diffcrent results then in gencral the
dure gives a larger value of

w Eﬁ wur t % IR 1L
Ewo procedures are asymptotically

, form




s

Toble II (p.21) contains
thatt =r for cach L=1,z,..
d 0,05, In this tablc

| . -y o 4 P - L ., i , o
¢ S1gn Test instead ol m 0 then v 15, underp

et a -~ o Do ﬂ?

el

N
th

istributed symmetricnlly with respect to zopc
also be found in {1 (p.31).

In the following an approximation (o

..

oo Will be glven for

valucs of m . First we prove

TMUDPUH’}. VII ® If. '}(’%‘m { S m O; i s v om e Y e, m‘w; by o o R

of the simultanc

ous probanility distribution of
nypothesis Hy and under the condition (k,t) ther

K
A 22 4

the same way ag in section 3 we {ind

T, /e% cosh { T, %~y -l-{ﬁ-"t‘ﬂ'} o

= 2_
A
m‘w

—————
wphagih

k<,
4
Xy
i §
=
VA
» oy

Thus the coeflicicent off =

(6~8) Msﬂ,mw+ws = Q Y20 , % 20

and the coefficient of

(6.9) .

From (6.9) it followz that

— a (I % { %ﬁﬂ#t} y 9%

(©.10)

z3eke
4 }‘"ﬁw i

(6‘42) IH:M! ==

e conditional asymptotic

f-:_ ! cor e L

i t e

G, ] LR

vd L :!;::.‘ fl-.-
. ca% .'-u":-:l, ¥ I:'-“ A e ¥ \ ’ '
WA _ oy Y et e Ry, % o % .
L A et £ % \ i § 7 e ¥ ; o R, a

. # ) H:* . , \ :l:Jr' N e1¥ o [._;' - L T ﬂﬂ' n # % é . i

In order to prove Tl

3irmultancous distribution of 0

again congider the sequence { z,1 1 Ryl )
£ 3



Theorem VIIT: If{kﬁ

(6.13)

¢xists ond is <

gi*% — t';ﬁk -t mt
A-3co 2 TwWO dimensional normo

- TN B - . »

_ ’ i 3 4 - ,
"I & " ﬁﬁ", e 1 i b f i : 7" ‘;F { i L ; ey, oty g E :***f i b e
robability distribution with zc
y T gy P 4 . ao . 2 !
means, varliances 1 and corrclation coefficient

b
e+ o

Procof': The index M 1s omitted.
It will be proved that

1
:E.:.‘ ' |
o h ;
o

by - gl ’

A No,2v-5

A > eo (»KM)% (%% - 2

ey

and that

—-— o e

¢eX18ts and 1s <
From (6.6) 1t Collows (cf. olsn (3.41))

16 2y
ﬁsy { ~ﬁ:ﬁ e § } 2 s R, % W §

.18 ) e oy o S — m,

@i

further

L‘."’?’. B Ep Ll L
i, W

M%. T M RTINS T A N

from Tho

n ’
f'i.::n.-.”. %, LI {:2:’&' 'fr al ﬁ“




2, R
. ) d “*"\j -wzﬁ'ﬂxlj
= ? "= L~ iR
. a
(6.22) X 2 ot - -----—----——-—-—--—-—-S 2 A x dy,
AT | — Al

¢, %

whe ro
}

(6‘23) ~, d;" — ; """‘“VS :“.-Q,&é)é)ﬁ

Ana logous formulas hold for the other oncsided and for the two-
sided test,

Thus an approximation for« may be found by means of a table of
Che two dinensional normal distribution with correlation coefficient

~ (¢l c.g. [8] sP.52-57). Table 4 contains this approximation for the

level of sirnificance of Z, (and thus of;é) for some valucs of &

and « 4 For th.e smallcest valuce of r we take 0.853 the table not con-

taining the value = £\3.
Tablce 7

|

Approximation for « for some valucs of and
— S — e
o' | 0,005 0,0 0,05
A, ;
0,85 | 0,000 0,015 0,072
0,90 0,007 | 0,015 0,068
| | o
0,95 | 0,007 5 0,013 0,063

Further an approximation for « may be found from (6.23) for given
valuce offet 3 Ttable 2 containg this approximation for the onesided
Cest Tor some values of o and ~.

Table 2

Approximation [or «' for soac volues of « and «

i

T e e
' 0,0 0,005 . 0,05
S N
0,034
- 0,036

0,040

In f{] (p.32-33) a tablc 1s given for the approximate cpitical
values of Z, for m =21(1)100, « =0,01; 0,025; 0,05 and “ =0,85
(1.¢. for«' =0,0064; 0,0165; 0,034).

We now consilider the scguencco {;Q}and an alternative hypothesis

stating that the distributions of z, under the condition 2, %0 are



~18 -

identical, Then il p,g and B are delined by (5.1) and (5,2) it
follows from theorem V and the properties of the sign test that
the following theorem holds.

3.36) is satisfied then the test based on the
critical region Z 1s, for X=-e , consistent 'or the class of

Theorem 1IX:

altermnative hypothesgses

(6.24) o = % and(or) B +o

ana, for sufficiently small « , not consistent for the class of

alternative hypotheses

(6.25) Fm%,e = O.

1

The test based on 18, Torhse , consistent for the classes ol
alternatives

1. P<z,

o, PzE . pb-% +pqb <o

(6.26)

not consistent for the clags of alternatives
| }
(6.27) P2z » P-® *Ppal>o

and, for sufficlently small « , not consistent _of

alternatlives

(6.28) F)%,“.}{ 3 P“‘éj +PC‘L_Q::.C).

The test based on Zy 15, foriwe , cor r_the classes of

altermatives

(6.27) {; b=
) P‘é"‘f:P‘“"iﬁ +F%e>g,

not consistent for the clags ol alternatives

(6.28) Pﬁ“‘%’; \Qm‘ii-kpcl@qg

and, for sufficlently small « , not conslistent for the class of

alternatives

\

(6~29) Pé“ﬁ“ 5 tD--'{"i"‘Oq’@ = O,

This test has two advantages

1. If»m, falls in the critical region then the statistic T
need not be computed,

2. The test is consistent for a larger class of alternatives
then WILCOXON's ftest ifor symmetry.
Further the test 1ig analogous to the test for symmetry of HEMELRLIJK
(cf. [6] , P.69-81), which is based onm, and the test statistic W
of WILCOXON's two sample test applied to the positive observations
23 the first and the absolute values of the negative observations

as the sccond sample (¢l section 4). The critical regilons differ
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The tes

and

K, b = 1C Aing recursion formals
d (cf. theorcm I).

b a W el b t% aqt%ar » oo utkw b

Further 1tfa, (v

Ve ) are the cumulants of the

nd under the condition (K, t)

wwmﬁggwwu

variab le

is, unadar the nypothesis

the conditions k
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yvmptotically nor.ially
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Table IT

Critical values v,  and Tm Of
SO Ve T8 Ny,

{%)
R'D
- s s W

Z,  for the case that t, = for each

17 13 - 107 | 11 ;103 |1 35 |
18 12 125 || 12 | 109 || 10 | 97 10 | 79
19 || 13 128 ] 13 |16 |1 11 | 106 * 9 90
20 || 14 | 138 12 | 130 || 10 | 120 10 o4

“mm“MﬂmmmmMW#ﬂl

o1 _ t u .
5) "-" means thatP{vzverTeT [m, Hol >« fOor cach pair of values

(v, T)with -m & v € m | -z mir ) & T 8 Fmf{ma+); (¥ =m, - M),
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